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Note: Answer all questions. Your answers should be complete, precise and
to the point.

1. Which of the following R− modules are Noetherian? Justify your an-
swers.

i) R[X, Y ]/⟨X2Y +XY 2⟩ with R a field;

ii) R[[X]] with R = Zn;

iii) R[X1, X2, X3, · · · ] with R = Z. State the results used for your
justifications precisely. [5+5+5=15]

2. a) Define a primary submodule of a module over a commutative ring
R (with 1).

b) Determine the primary submodules of R[X]. [8+6=14]

3. a) Define the exterior algebra associated with a finite dimensional vec-
tor space.

b) If V is a vector space of dimension n over a field k, determine the
dimension of the exterior algebra over k. [8+9=17]

4. a) Define the semi-direct product of a group A by a group H.

b) Use (a) to show that there is only one non-abelian group of order
14.

[6+14=20]

5. a) Define the tensor product of two R− modules over a commutative
ring R. Specify its R− module structure.

b) i) Find the order of Zm ⊗Z Zn.

ii) Show that C⊗ (Z⊕ Z) ≃ C2, as vector spaces over C. [6+8+8=22]

6. Let F be a field and f(X)εF [X]. Show that there exists a finite exten-
sion field E of F such that f(X) can be written as a product of linear
factors with coefficients from E. [12]
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